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Disclaimer

I do not pretend to be a statistician! Just a PhD student who tries to 
understand the tools he uses… So I have read some books
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Linear models: The concept
“Linear regression is a method that summarizes how the average values of a numerical outcome variable 
vary over subpopulations defined by linear functions or predictors.”
Gelman & Hill, 2007, Ch. 3, p. 31
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Linear models: The concept
“Linear regression is a method that summarizes how the average values of a numerical outcome variable 
vary over subpopulations defined by linear functions or predictors.”
Gelman & Hill, 2007, Ch. 3, p. 31

𝑌 = 𝑓 𝑋1, … , 𝑋𝑘 + 𝜀,
The theoretical model

= 𝛽0 + 𝛽1𝑋1 + ⋯ + 𝛽2𝑋2 + 𝜀, 𝜀 ∼ 𝒩 0, 𝜎

3



Linear models: The concept
“Linear regression is a method that summarizes how the average values of a numerical outcome variable 
vary over subpopulations defined by linear functions or predictors.”
Gelman & Hill, 2007, Ch. 3, p. 31

𝑌 = 𝑓 𝑋1, … , 𝑋𝑘 + 𝜀,
The theoretical model

𝒀 = 𝑿𝜷 + 𝜺

The matrix notation is useful for further theoretical development:

or explicitly:
𝑦0

⋮
𝑦𝑛

=

𝑥11 … 𝑥1𝑘

⋮ ⋱ ⋮
𝑥𝑛1 … 𝑥𝑛𝑘

𝛽0

⋮
𝛽𝑛

+

𝜀1

⋮
𝜀𝑛

.

= 𝛽0 + 𝛽1𝑋1 + ⋯ + 𝛽2𝑋2 + 𝜀, 𝜀 ∼ 𝒩 0, 𝜎
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Linear models: The concept

Illustration: Sensorimotor Synchronization
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Movement

Stimulus

1.0 Hz ➞ 6.1 Hz

Asynchrony (ms) / relative phase (rad)

Sample: 15 Indian and 13 French participants

Task: 
• « Tap exactly at the same time as the metronome »
• Increasing frequency of the metronome
• 7 repetition of the task for each participant



Linear models: The concept

Illustration: Sensorimotor Synchronization
Imagine we can describe the asynchrony as: 

𝜙 = −100 + 50𝜔 + 𝜀,

and we have the following values of 𝜙:

Since we know the theoretical relationship between rate and asynchrony, we can determine 𝜀 from the 𝜙 
values. Let’s write the developped form of:

𝒀 = 𝑿𝜷 + 𝜺

 

6



Linear models: The concept

Illustration: Sensorimotor Synchronization
The structure of the relationship is as follows:

𝜙0

⋮
𝜙9

=

𝑋0,0 𝑋1,0

⋮ ⋮
𝑋0,9 𝑋1,9

𝛽0

𝛽1
+

𝜀0

⋮
𝜀9

,

and if we replace with the actual values:

−66.81
−41.91
26.76
−2.88
13.48
76.45
53.83
17.05
49.39
71.63

=

1 1.0
1 1.3
1 1.6
1 1.9
1 2.2
1 2.5
1 2.8
1 3.1
1 3.4
1 3.7

−100
50

+

−16.81
−6.91
46.76
2.12
3.88

51.45
13.82

−37.95
−20.61
−13.37

.
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𝑎00 𝑎01 𝑎02

𝑎10 𝑎11 𝑎12

𝑎20 𝑎21 𝑎22

×

𝑏00 𝑏01 𝑏02

𝑏10 𝑏11 𝑏12

𝑏20 𝑏21 𝑏22

= 

𝑐00 𝑐01 𝑐02

𝑐10 𝑐11 𝑐12

𝑐20 𝑐21 𝑐22

𝑎00 × 𝑏00 + 𝑎01 × 𝑏10 + 𝑎02 × 𝑏20 = 𝑐00



Linear models: The concept

Illustration: Sensorimotor Synchronization
The structure of the relationship is as follows:

𝜙0

⋮
𝜙9
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𝑋0,0 𝑋1,0

⋮ ⋮
𝑋0,9 𝑋1,9

𝛽0

𝛽1
+

𝜀0

⋮
𝜀9

,
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1 1.0
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1 1.9
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1 2.5
1 2.8
1 3.1
1 3.4
1 3.7
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Linear models: Estimation
We can’t directly observe the true coefficients 𝛽 or the errors 𝜀

→ We have to estimate them

• 𝛽 refers to the theoretical values, ෠𝛽 refers to the coefficients estimated from the data
• 𝜀 refers to the theoretical errors, Ƹ𝜀 refers to the residuals estimated from the data
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Linear models: Estimation

Gauss-Markov theorem
Suppose 𝔼 𝜀 = 0 and Var 𝜀 = 𝜎2𝐼. Suppose also that the structural part of the model 𝔼 Y = 𝑋𝛽 is 

correct. Let 𝝍 = 𝑐⊺𝛽 be an estimable function; then, in the class of all unbiased linear estimates of 𝝍, ෡𝝍 =

𝑐⊺ መ𝛽, where መ𝛽 is the ordinary least squares estimator, has the minimum variance and is unique.
Farway, 2015, Ch. 2, p. 22

We can’t directly observe the true coefficients 𝛽 or the errors 𝜀

→ We have to estimate them

• 𝛽 refers to the theoretical values, ෠𝛽 refers to the coefficients estimated from the data
• 𝜀 refers to the theoretical errors, Ƹ𝜀 refers to the residuals estimated from the data
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Linear models: Estimation

Gauss-Markov theorem
Suppose 𝔼 𝜀 = 0 and Var 𝜀 = 𝜎2𝐼. Suppose also that the structural part of the model 𝔼 Y = 𝑋𝛽 is 

correct. Let 𝝍 = 𝑐⊺𝛽 be an estimable function; then, in the class of all unbiased linear estimates of 𝝍, ෡𝝍 =

𝑐⊺ መ𝛽, where መ𝛽 is the ordinary least squares estimator, has the minimum variance and is unique.
Farway, 2015, Ch. 2, p. 22

We can’t directly observe the true coefficients 𝛽 or the errors 𝜀

→ We have to estimate them

• 𝛽 refers to the theoretical values, ෠𝛽 refers to the coefficients estimated from the data
• 𝜀 refers to the theoretical errors, Ƹ𝜀 refers to the residuals estimated from the data

Assumptions of the Gauss-Markov theorem
• Linear relationship

• Uncorrelated residuals

• Homoscedasticity (equal variance) of residuals

• Mean value of the residuals = 0

Ordinary least squares (OLS) estimates are the best linear 
unbiased estimates (BLUE)
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Linear models: Estimation
When fitting a linear regression, you have to verify these asumptions !!!

Relationship linearity & Homoscedasticity
Verify with a fitted vs. residual plot 

> model <- lm(x ~ y)
> plot(model, which = 1)

Non-linearity = mean structure conceptually wrong

Heteroscedasticity = something about variability is not 
modelled
Can be accounted for: 

• Heteroscedasticity Consistent Covariance Matrix
• Generalized Least Squares
• Variance-stabilizing transformations of the dependent variable 

Long & Ervin, 2000, Am Stat; Faraway, 2015 13



Linear models: Estimation

What about normality!?

• Not necessary for an unbiased estimation

• Essential for making valid inferences (assumptions from the tests)

14



Linear models: Estimation

Let’s illustrate why we talk about estimation
> set.seed(123)

> # Simulate the 7 task for each participant
> rate <- seq(from = 1, to = 3.7, by = 0.3)
> rate <- rep(rate, 7)

> fit <- 50 * rate – 100  # Theoretical relationship 
> noise <- rnorm(n = length(rate), mean = 0, sd = 30)
> asynchrony <- fit + noise  # Measured asynchrony

> # Estimate parameters using least squares
> model <- lm(asynchrony ~ rate)
> summary(model)

15

𝑦 = −100.00 + 50.00𝑥
Theoretical



Linear models: Estimation

Let’s illustrate why we talk about estimation
> set.seed(123)

> # Simulate the 7 task for each participant
> rate <- seq(from = 1, to = 3.7, by = 0.3)
> rate <- rep(rate, 7)

> fit <- 50 * rate – 100  # Theoretical relationship 
> noise <- rnorm(n = length(rate), mean = 0, sd = 30)
> asynchrony <- fit + noise  # Measured asynchrony

> # Estimate parameters using least squares
> model <- lm(asynchrony ~ rate)
> summary(model)

Call:
lm(formula = asynchrony ~ rate)

Residuals:
    Min      1Q  Median      3Q     Max 
-61.990 -17.471  -0.517  16.941  63.320 

Coefficients:
            Estimate Std. Error t value Pr(>|t|)    
(Intercept) -100.218      9.516  -10.53 6.29e-16 ***
rate          51.035      3.802   13.42  < 2e-16 ***
---
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 27.41 on 68 degrees of freedom
Multiple R-squared:  0.726, Adjusted R-squared:  0.722 
F-statistic: 180.2 on 1 and 68 DF,  p-value: < 2.2e-16
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𝑦 = −100.00 + 50.00𝑥

𝑦 = −100.22 + 51.03𝑥

Theoretical

OLS



Linear models: Estimation

Quick detour on inferential testing
> summary(model)

Call:
lm(formula = asynchrony ~ rate)

Residuals:
    Min      1Q  Median      3Q     Max 
-61.990 -17.471  -0.517  16.941  63.320 

Coefficients:
            Estimate Std. Error t value Pr(>|t|)    
(Intercept) -100.218      9.516  -10.53 6.29e-16 ***
rate          51.035      3.802   13.42  < 2e-16 ***
---
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Residual standard error: 27.41 on 68 degrees of freedom
Multiple R-squared:  0.726, Adjusted R-squared:  0.722 
F-statistic: 180.2 on 1 and 68 DF,  p-value: < 2.2e-16
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For every coefficient, we test:
𝐻0: 𝛽 = 0,

using a 𝑡-test with the 𝑡-value being: 

𝑡 =
Estimate

SE
.

The number of df is the number of observation – 
the number of parameters



Linear mixed models: Illustration
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• Correlated measures 
• Multiple trials for a participant at each rate

• Unbalanced design 
• Mean asynchrony only makes sense when there 

is stable synchronization

Assumptions of the Gauss-Markov theorem are not 
respected: OLS estimates are not the BLUE

Leads to various estimation problems
Montgommery, 2017



Linear mixed models: Illustration

Linear mixed models solve those problems:
• Intra-individual variation (source of correlation) is included in the model

• Unbalanced and incomplete designs do not yield estimation problems

19



Linear mixed models: Illustration

Linear mixed models solve those problems:
• Intra-individual variation (source of correlation) is included in the model

• Unbalanced and incomplete designs do not yield estimation problems

Example focusing on one rate: testing group difference at 1.0 Hz
Let’s consider two different approaches to estimate the group averages

20

Calculate the overall average
« Complete pooling »

Completely ignores variation between participants

Calculate an average for each participant
« No pooling »

Overfits the data within each participants

Estimates may be influenced by outliers for 
participants with few measurements



Linear mixed models: Illustration

Linear mixed models solve those problems:
• Intra-individual variation (source of correlation) is included in the model

• Unbalanced and incomplete designs do not yield estimation problems

Example focusing on one rate: testing group difference at 1.0 Hz
Let’s consider two different approaches to estimate the group averages
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Calculate the overall average
« Complete pooling »

Completely ignores variation between participants

Calculate an average for each participant
« No pooling »

Overfits the data within each participants

Estimates may be influenced by outliers for 
participants with few measurements

Linear mixed models estimates are a compromise between these extremes:

Participants’ averages are pulled toward the group average

Participants with few or very variable observations are more pulled 



Linear mixed models: Illustration
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1 value, mean value 
strongly attracted 
to group average

Low variability, mean value not 
pulled toward group mean

High variability, mean value 
pulled toward group mean

Summary stats

LMM stats



When should I use linear mixed models over linear models ?

Linear mixed models

23Gelman & Hill, 2007, Ch. 11

“Our advice is to always use multilevel modeling […] Classical regressions 
can typically be identified with particular special cases of multilevel models 
with hierarchical variance parameters set to zero or infinity—these are the 

complete pooling and no pooling models.”



We are going to discuss technical details to introduce the two estimation methods

If this is too technical, just remember that both methods estimate the fixed-effect 
parameters and the variance components (random-effects and residuals) of the model.

However:

• ML estimates are biased because there is a loss of df in the estimation process not 
accounted for

• REML estimates corrects this bias by taking into account the loss of df

Linear mixed models

24West, Welch & Gałecki, 2022



Linear mixed models: The concept

25

Matrix notation for a linear mixed model
𝒀 = 𝑿𝜷 + 𝒁𝒖 + 𝜺

• 𝒀: vector of observations with 𝔼 𝒀 = 𝑿𝜷

• 𝑿: design matrix for fixed effects (group level)

• 𝒁: design matrix for random effects (participant level)

• 𝒖: random effects with 𝒖 ∼ 𝒩(𝟎, 𝑫)

• 𝜺: residuals with 𝜺 ∼ 𝒩(𝟎, 𝑹)

West, Welch & Gałecki, 2022



Linear mixed models: The concept

26

Matrix notation for a linear mixed model
𝒀 = 𝑿𝜷 + 𝒁𝒖 + 𝜺

• 𝒀: vector of observations with 𝔼 𝒀 = 𝑿𝜷

• 𝑿: design matrix for fixed effects (group level)

• 𝒁: design matrix for random effects (participant level)

• 𝒖: random effects with 𝒖 ∼ 𝒩(𝟎, 𝑫)

• 𝜺: residuals with 𝜺 ∼ 𝒩(𝟎, 𝑹)

The elements of 𝑫 and 𝑹 are functions of a small set of covariance parameters stored in the vectors 𝜽𝐷 and 
𝜽𝑅, combined in a vector 𝜽

𝑫 = Var 𝒖 =

Var(𝑢1) Cov(𝑢1, 𝑢2) ⋯ Cov(𝑢1, 𝑢𝑞)

Cov(𝑢1, 𝑢2) Var(𝑢2) ⋯ Cov(𝑢2, 𝑢𝑞)

⋮ ⋮ ⋱ ⋮
Cov(𝑢1, 𝑢𝑞) Cov(𝑢2, 𝑢𝑞) ⋯ Var(𝑢𝑞)

𝜽𝐷 =

Var 𝑢1

Var 𝑢2

⋮
Var 𝑢𝑞

Cov 𝑢1, 𝑢2

⋮

West, Welch & Gałecki, 2022



Linear mixed models: The concept

Marginal model
The marginal model of a linear mixed model does not contain the random-effect structure:

𝒀 = 𝑿𝜷 + 𝜺,

with 𝜺 ∼ 𝒩(𝟎, 𝑽) and:
𝑽 = 𝒁𝑫𝒁′ + 𝑹,

so the elements of 𝑽 are functions of the elements of 𝜽.

This defines the marginal distribution of 𝒀:
𝒀 ∼ 𝒩(𝑿𝜷, 𝒁𝑫𝒁′ + 𝑹)

27West, Welch & Gałecki, 2022



Linear mixed models: Estimation

Maximum Likelihood (ML) estimation
• Construct a likelihood function ℓ𝑀𝐿 of 𝜷 and 𝜽 using the marginal distribution of 𝒀 

28West, Welch & Gałecki, 2022



Linear mixed models: Estimation

Maximum Likelihood (ML) estimation
• Construct a likelihood function ℓ𝑀𝐿 of 𝜷 and 𝜽 using the marginal distribution of 𝒀 

• Obtain BLUE of ෡𝜷 for a given value of 𝜽

29West, Welch & Gałecki, 2022

ℓ𝑀𝐿 𝜽 = −0.5𝑛 × ln 2𝜋 − 0.5 ෍

𝑖

ln(det 𝑽 ) − 0.5 ෍

𝑖

𝒓′ 𝑽−1𝒓



Linear mixed models: Estimation

Maximum Likelihood (ML) estimation
• Construct a likelihood function ℓ𝑀𝐿 of 𝜷 and 𝜽 using the marginal distribution of 𝒀 

• Obtain BLUE of ෡𝜷 for a given value of 𝜽

• Obtain optimal estimates ෡𝜽 of 𝜽 using iterative computations to maximize ℓ𝑀𝐿(𝜽), until reaching convergence

30West, Welch & Gałecki, 2022

ℓ𝑀𝐿 𝜽 = −0.5𝑛 × ln 2𝜋 − 0.5 ෍

𝑖

ln(det 𝑽 ) − 0.5 ෍

𝑖

𝒓′ 𝑽−1𝒓



Linear mixed models: Estimation

Maximum Likelihood (ML) estimation
• Construct a likelihood function ℓ𝑀𝐿 of 𝜷 and 𝜽 using the marginal distribution of 𝒀 

• Obtain BLUE of ෡𝜷 for a given value of 𝜽

• Obtain optimal estimates ෡𝜽 of 𝜽 using iterative computations to maximize ℓ𝑀𝐿(𝜽), until reaching convergence

• Calculate again ෡𝜷 using ෡𝜽: those are the ML fixed effects and covariance parameters

31West, Welch & Gałecki, 2022

ℓ𝑀𝐿 𝜽 = −0.5𝑛 × ln 2𝜋 − 0.5 ෍

𝑖

ln(det 𝑽 ) − 0.5 ෍

𝑖

𝒓′ 𝑽−1𝒓



Linear mixed models: Estimation

Maximum Likelihood (ML) estimation
• Construct a likelihood function ℓ𝑀𝐿 of 𝜷 and 𝜽 using the marginal distribution of 𝒀 

• Obtain BLUE of ෡𝜷 for a given value of 𝜽

• Obtain optimal estimates ෡𝜽 of 𝜽 using iterative computations to maximize ℓ𝑀𝐿(𝜽), until reaching convergence

• Calculate again ෡𝜷 using ෡𝜽: those are the ML fixed effects and covariance parameters

Restricted Maximum Likelihood (ML) estimation
The ML estimates of 𝜽 are biased, loss of degrees of freedom from estimating parameters 𝜷 is not taken 
into account. REML corrects that and produces unbiased estimates

32West, Welch & Gałecki, 2022

ℓ𝑀𝐿 𝜽 = −0.5𝑛 × ln 2𝜋 − 0.5 ෍

𝑖

ln(det 𝑽 ) − 0.5 ෍

𝑖

𝒓′ 𝑽−1𝒓

ℓ𝑅𝐸𝑀𝐿 𝜽 = −0.5 𝑛 − 𝑝 × ln 2𝜋 − 0.5 ෍

𝑖

ln(det 𝑽 ) − 0.5 ෍

𝑖

𝒓′ 𝑽−1𝒓 − 0.5 ෍

𝑖

ln(det 𝑿′𝑽−1𝑿 )



Linear mixed models: Estimation

REML estimation is preferred over ML estimation

However, ML is usefull to chose the fixed-effect structure:
• We can’t compare REML likelihood from models with different fixed-effect structures (different transformed data 

space)

• ML likelihood is comparable across models with different fixed-effects structures

Use REML when comparing models with the same fixed-effect structure but with different random-effect structures 

33West, Welch & Gałecki, 2022



Useful R libraries

• lme4
• Purpose: Fit linear mixed models using ML or REML

• Outcome: fixed-effect and random-effect coefficients

• lmerTest
• Purpose: Inference testing on fixed-effects parameters obtained with lme4

• Outcome: degrees of freedom, t statistic, p-value

Kuznetsova, Brockhoff & Christensen, 2017, J Stat Soft

Bates et al., 2015, J Stat Soft

> citation("lme4")

34

Remember to cite correctly the packages your are using in your analyses! Not only does it help 
reproduce your work, it also supports all the work done by the authors.

In R:



Linear mixed models: Formula in R

To fit a linear mixed model, we use the lmer function from the package lmerTest (or lme4):

> lmm_ex <- lmer(
+   formula = y ~ x1 + x2 * x3 + (1 | participant),
+   data = df,
+   REML = TRUE
+ )

35

« Model y as a function of x1, x2, x3 and the interaction 
between x2 and x3, with a random intercept for every 
participant »

Fixed effects Random effects

Bates et al., 2015, J Stat Soft



Linear mixed models: Formula in R

To fit a linear mixed model, we use the lmer function from the package lmerTest (or lme4):

> lmm_ex <- lmer(
+   formula = y ~ x1 + x2 * x3 + (1 | participant),
+   data = df,
+   REML = TRUE
+ )

How do I determine my formula?
There is not one single answer to that question:

• Top-down strategy: select well-specific mean structure and random effect structure, then reduce the model

• Step-up strategy: begin with means-only, then consider adding random effects if it improves the model

• Maximum structure: use random intercept and slope for every intra-subject factor

• …

36

« Model y as a function of x1, x2, x3 and the interaction 
between x2 and x3, with a random intercept for every 
participant »

Fixed effects Random effects

Bates et al., 2015, J Stat Soft

West, Welch & Gałecki, 2022



Linear mixed models: Formula in R

How did I want to analyze my data?
1. What do I want to test?

• I want to test whether the mean asynchrony differs between group at each metronome rate

• My model should test the main effect of group and rate, as well as their interaction

37



Linear mixed models: Formula in R

How did I want to analyze my data?
1. What do I want to test?

• I want to test whether the mean asynchrony differs between group at each metronome rate

• My model should test the main effect of group and rate, as well as their interaction

2. What is the structure of my data set?

• Several trials for every participants, there is one value of mean asynchrony per trial per rate per participant if the participant 
was synchronized, otherwise no value for the rate of the trial

• My model should include a random intercept for every participant

38



Linear mixed models: Formula in R

How did I want to analyze my data?
1. What do I want to test?

• I want to test whether the mean asynchrony differs between group at each metronome rate

• My model should test the main effect of group and rate, as well as their interaction

2. What is the structure of my data set?

• Several trials for every participants, there is one value of mean asynchrony per trial per rate per participant if the participant 
was synchronized, otherwise no value for the rate of the trial

• My model should include a random intercept for every participant

3. Should I only include a random intercept or a random intercept for each rate?

• I have no theoretical reason to believe that one structure is preferable over the other one, I will compute the AICc weights for 
each model to choose the best model

     Burnham & Anderson, 2004, Sociol Methods Res

39

Name    |   AIC (weights) |  AICc (weights) |   BIC (weights) | R2 (cond.) | R2 (marg.) |   ICC |   RMSE |  Sigma
-----------------------------------------------------------------------------------------------------------------
lmm_ri  | 14908.0 (0.190) | 14908.7 (0.190) | 15024.5 (0.190) |      0.516 |      0.217 | 0.382 | 35.687 | 36.245
lmm_rin | 14905.1 (0.810) | 14905.8 (0.810) | 15021.6 (0.810) |      0.652 |      0.234 | 0.546 | 28.777 | 31.309

Table obtained using compare_performance() from the performance package 
(Lüdecke et al., 2021, J Open Source Soft)



Linear mixed models: Formula in R

To summarize:
• Main effects group and frequency + interaction group-frequency

• Random intercept per participant nested by frequency

> lmm_ex <- lmer(
+   mean_async ~ group * frequency + (1 | subject:frequency),
+   data = df,
+   REML = TRUE
+ )

40



Linear mixed models: Formula in R

To summarize:
• Main effects group and frequency + interaction group-frequency

• Random intercept per participant nested by frequency

> lmm_ex <- lmer(
+   mean_async ~ group * frequency + (1 | subject:frequency),
+   data = df,
+   REML = TRUE
+ )

If my frequency would have been included as a continuous variable, I could have included frequency as a random slope
> lmm_ex <- lmer(
+   mean_async ~ group * frequency + (frequency | subject),
+   data = df,
+   REML = TRUE
+ )

41



Linear mixed models: Model selection

Likelihood Ratio Tests (LRTs)
“LRTs are a class of tests that are based on comparing the values of likelihood functions ℒ for two models 
defining a hypothesis being tested.”

−2 log
ℒ𝑚𝑜𝑑1

ℒ𝑚𝑜𝑑2
∼ 𝜒𝑑𝑓

2

42West, Welch & Gałecki, 2022, Ch. 2.6
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LRT for fixed-effects structure
Estimation method: ML

df: difference in the number of fixed-effect parameters 
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Likelihood Ratio Tests (LRTs)
“LRTs are a class of tests that are based on comparing the values of likelihood functions ℒ for two models 
defining a hypothesis being tested.”

−2 log
ℒ𝑚𝑜𝑑1

ℒ𝑚𝑜𝑑2
∼ 𝜒𝑑𝑓

2

44West, Welch & Gałecki, 2022, Ch. 2.6

LRT for fixed-effects structure
Estimation method: ML

df: difference in the number of fixed-effect parameters 

LRT for random-effects structure
Estimation method: REML

df: depends on covariance parameters (see West et al., 2022)



Linear mixed models: Formula in R

Examples of random effect structures

• Participants differ in their baseline level, but share the same slope for x
y ~ x + (1 | participant)

• Participants differ in both intercept and slope for x, with correlation between intercept and slope
y ~ x + (1 + x | participant)

• Participants differ in intercept and main-effect slopes
y ~ x1 * x2 + (1 + x1 + x2 | participant)

• Participants differ in intercept and main-effect interaction but not slopes
y ~ x1 * x2 + (1 + x1:x2 | participant)

• Both participants and items contributed independent intercept variation
y ~ x + (1 | participant) + (1 | item)

• Participants are nested within hospitals, with a random intercept per participant in hospital
y ~ x (1 | participant/hospital)

• Participant-by-condition random intercepts
y ~ x + (1 | participant:condition)

45



Linear mixed models: Formula in R

Examples of random effect structures

46

From Bates et al., 2015, J Stat Soft



Linear mixed models: Illustration
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> lmm_mean_async <- lmerTest::lmer(
+   mean_async ~ group * frequency + (1 | subject:frequency),
+   data = df_async_by_task
+ )
> summary(lmm_mean_async)

Linear mixed model fit by REML. t-tests use Satterthwaite's method ['lmerModLmerTest']

Formula: mean_async ~ group * frequency + (1 | subject:frequency)

   Data: df_async_by_task

REML criterion at convergence: 14731.5

Scaled residuals: 

    Min      1Q  Median      3Q     Max 

-5.4197 -0.5253  0.0020  0.5799  3.4152 

Random effects:

 Groups            Name        Variance Std.Dev.

 subject:frequency (Intercept) 1177.9   34.32   

 Residual                       980.2   31.31   

Number of obs: 1476, groups:  subject:frequency, 268

Fixed effects:

                         Estimate Std. Error      df t value Pr(>|t|)    

(Intercept)               -41.539     10.156 221.843  -4.090 6.03e-05 ***

groupIndian                58.719     14.072 230.925   4.173 4.26e-05 ***

frequency1.3               -9.869     14.408 224.514  -0.685  0.49409    

frequency1.6               -6.223     14.601 231.673  -0.426  0.67034    

frequency1.9               -9.079     14.757 227.151  -0.615  0.53900    

frequency2.2              -11.489     14.424 225.508  -0.796  0.42659    

frequency2.5                1.250     14.478 226.791   0.086  0.93129    

frequency2.8               11.744     14.487 227.273   0.811  0.41843    

frequency3.1               33.627     14.799 229.688   2.272  0.02400 *  

frequency3.4               40.549     14.881 232.891   2.725  0.00692 ** 

frequency3.7               47.784     15.240 251.539   3.135  0.00192 ** 

groupIndian:frequency1.3  -10.094     20.011 230.019  -0.504  0.61445    

groupIndian:frequency1.6  -18.496     20.201 235.007  -0.916  0.36082    

groupIndian:frequency1.9  -23.105     20.203 234.137  -1.144  0.25393    

groupIndian:frequency2.2  -15.127     19.876 230.377  -0.761  0.44740    

groupIndian:frequency2.5  -20.730     20.055 230.108  -1.034  0.30237    

groupIndian:frequency2.8  -20.227     20.026 229.716  -1.010  0.31352    

groupIndian:frequency3.1  -30.586     20.274 231.743  -1.509  0.13275    

groupIndian:frequency3.4  -35.426     20.447 237.672  -1.733  0.08446 .  

groupIndian:frequency3.7  -42.973     20.947 248.701  -2.051  0.04127 *  

---

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Random effects and residuals

What is reported is the variance of mean asynchrony explained by the random 
intercepts and the residuals 
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> lmm_mean_async <- lmerTest::lmer(
+   mean_async ~ group * frequency + (1 | subject:frequency),
+   data = df_async_by_task
+ )
> summary(lmm_mean_async)

Linear mixed model fit by REML. t-tests use Satterthwaite's method ['lmerModLmerTest']

Formula: mean_async ~ group * frequency + (1 | subject:frequency)

   Data: df_async_by_task

REML criterion at convergence: 14731.5

Scaled residuals: 

    Min      1Q  Median      3Q     Max 

-5.4197 -0.5253  0.0020  0.5799  3.4152 

Random effects:

 Groups            Name        Variance Std.Dev.

 subject:frequency (Intercept) 1177.9   34.32   

 Residual                       980.2   31.31   

Number of obs: 1476, groups:  subject:frequency, 268

Fixed effects:

                         Estimate Std. Error      df t value Pr(>|t|)    

(Intercept)               -41.539     10.156 221.843  -4.090 6.03e-05 ***

groupIndian                58.719     14.072 230.925   4.173 4.26e-05 ***

frequency1.3               -9.869     14.408 224.514  -0.685  0.49409    

frequency1.6               -6.223     14.601 231.673  -0.426  0.67034    

frequency1.9               -9.079     14.757 227.151  -0.615  0.53900    

frequency2.2              -11.489     14.424 225.508  -0.796  0.42659    

frequency2.5                1.250     14.478 226.791   0.086  0.93129    

frequency2.8               11.744     14.487 227.273   0.811  0.41843    

frequency3.1               33.627     14.799 229.688   2.272  0.02400 *  

frequency3.4               40.549     14.881 232.891   2.725  0.00692 ** 

frequency3.7               47.784     15.240 251.539   3.135  0.00192 ** 

groupIndian:frequency1.3  -10.094     20.011 230.019  -0.504  0.61445    

groupIndian:frequency1.6  -18.496     20.201 235.007  -0.916  0.36082    

groupIndian:frequency1.9  -23.105     20.203 234.137  -1.144  0.25393    

groupIndian:frequency2.2  -15.127     19.876 230.377  -0.761  0.44740    

groupIndian:frequency2.5  -20.730     20.055 230.108  -1.034  0.30237    

groupIndian:frequency2.8  -20.227     20.026 229.716  -1.010  0.31352    

groupIndian:frequency3.1  -30.586     20.274 231.743  -1.509  0.13275    

groupIndian:frequency3.4  -35.426     20.447 237.672  -1.733  0.08446 .  

groupIndian:frequency3.7  -42.973     20.947 248.701  -2.051  0.04127 *  

---

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

Fixed effects, reported as for a simple linear model

The df are estimated using Satterthwaite approximation (default in lmer)

• (Intercept): value for the French group (baseline) at 1.0 Hz (baseline)

• groupIndian: difference between Indian and baseline group at 1.0 Hz (baseline)

• frequency1.3: difference between 1.3 Hz and baseline for French group (baseline)

• groupIndian:frequency1.3: difference between the Indian group at 1.3 Hz and the baseline

Random effects and residuals

What is reported is the variance of mean asynchrony explained by the random 
intercepts and the residuals 

How can I get the estimated marginal means by the model?
French 1.0 Hz = (Intercept)
French 1.3 Hz = (Intercept) + frequency1.3
Indian 1.0 Hz = (Intercept) + groupIndian
Indian 1.3 Hz = (Intercept) + groupIndian + frequency1.3 + groupIndian:frequency1.3 
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Fixed effects
We can analyse the main effects and interaction using 𝐹-test

50Kuznetsova, Brockhoff & Christensen, 2017, J Stat Soft

> anova(lmm_mean_async, type = 3)

Type III Analysis of Variance Table with Satterthwaite's method

                Sum Sq Mean Sq NumDF  DenDF F value    Pr(>F)    
group            64091   64091     1 236.77 65.3833 3.186e-14 ***

frequency        51811    5757     9 236.15  5.8728 2.160e-07 ***

group:frequency   6299     700     9 236.15  0.7140    0.6959    
---

Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1



Linear mixed models: Illustration

51Lenth, 2023

Fixed effects
We can compute the estimated marginal means for each group at each frequency

> emmeans(lmm_mean_async, ~ group | frequency)

frequency = 1.0:

 group   emmean    SE  df lower.CL upper.CL

 French -41.539 10.16 230  -61.550   -21.53

 Indian  17.180  9.74 251   -2.007    36.37

frequency = 1.3:

 group   emmean    SE  df lower.CL upper.CL

 French -51.408 10.22 236  -71.542   -31.27

 Indian  -2.783  9.90 240  -22.281    16.72

...
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52Lenth, 2023

Fixed effects
We can compute the estimated marginal means for each group at each frequency

> pairs(emmeans(lmm_mean_async, ~ group | frequency))

frequency = 1.0:

 contrast        estimate   SE  df t.ratio p.value

 French - Indian    -58.7 14.1 240  -4.172  <.0001

frequency = 1.3:

 contrast        estimate   SE  df t.ratio p.value

 French - Indian    -48.6 14.2 238  -3.418  0.0007

frequency = 1.6:

 contrast        estimate   SE  df t.ratio p.value

 French - Indian    -40.2 14.5 248  -2.775  0.0059

...

> emmeans(lmm_mean_async, ~ group | frequency)

frequency = 1.0:

 group   emmean    SE  df lower.CL upper.CL

 French -41.539 10.16 230  -61.550   -21.53

 Indian  17.180  9.74 251   -2.007    36.37

frequency = 1.3:

 group   emmean    SE  df lower.CL upper.CL

 French -51.408 10.22 236  -71.542   -31.27

 Indian  -2.783  9.90 240  -22.281    16.72

...



Linear mixed models: Illustration

Random effects
Intraclass correlation (ICC): ranges from 0 (random effects conveys no information) to 1

The ICC for the 𝑗th random effect (𝑟𝑒𝑗) is:

ICC(𝑟𝑒𝑗) =
𝜎𝑟𝑒𝑗

2

σ𝑛=1
𝑘 𝜎𝑟𝑒𝑛

2 + 𝜎𝜀
2

We can use the icc() function from the performance package

53

Gelman & Hill, 2008

> icc(lmm_mean_async)

# Intraclass Correlation Coefficient

    Adjusted ICC: 0.546
  Unadjusted ICC: 0.418

Random effects:

 Groups            Name        Variance Std.Dev.

 subject:frequency (Intercept) 1177.9   34.32   

 Residual                       980.2   31.31   

1177.9

1177.9 + 980.2
= 0.546



Linear mixed models: Illustration

Model fit
Marginal 𝑹𝟐 = proportion of variance explained by the fixed-effects

Conditional 𝑹𝟐 = proportion of variance explained by the fixed-effects and the random-effects

Marginal 𝑹𝟐 ≤ Conditional 𝑹𝟐

54

> performance::r2(lmm_mean_async)

# R2 for Mixed Models

  Conditional R2: 0.652
     Marginal R2: 0.234
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